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Galilean String

The Gomis-Ooguri string sigma model was introduced in [1, 2]

as a non-relativistic limit of the Polyakov action coupled to a

constant Kalb-Ramond field in the longitudinal direction. Before

taking the limit, we can write the action in the following form:

S = −T

2

∫
d2σ

√
−γ

(
γab∂aX

A′
∂bXA′ − c2Γab

+ ∂aX
−∂bX

+
)
.

Where we have introduced longitudinal indices A,B = 0, 1 and

transverse indices A′, B′ = 2, . . . , N − 1 as well as the following

notation:

Γab
± = γab ± εab, X± = X0 ±X1.

In order to take the limit c → ∞, we introduce auxiliary world-

sheet fields λa and λ̄a such that the divergent part of the action

can be written in the following classically equivalent way:

−T

2

∫
d2σ

√
−γ Γab

+

(
λa∂bX

+ + ∂aX
−λ̄b +

1

c2
λaλ̄b

)
.

Therefore, we are able to take the limit c → ∞, which gives the

following non-relativistic action:

SNR = −T
2

∫
d2σ

√
−γ

(
γab∂aX

A′
∂bXA′ + Γab

+λa∂bX
+ + Γab

− λ̄a∂bX
−) .

Which is equivalent to the Gomis-Passerini model introduced in

[3]. Upon going to the light-cone gauge, the astute reader will

recognize this as the well-known Gomis-Ooguri model [1, 2]:

SGO = T

∫
d2σ

(
∂+X

A′
∂−XA′ + λ−∂−X

+ + λ+∂+X
−
)
.

The equations of motion for the Gomis-Ooguri model are:

∂+∂−X
A′
= 0 , ∂−X

+ = 0 , ∂+X
− = 0 ,

∂−λ
− = 0 , ∂+λ

+ = 0 .

While the energy momentum tensor constraints become:

T++ = −2πT
(
∂+X

A′
∂+XA′ + λ−∂+X

+
)
= 0,

T−− = −2πT
(
∂−X

A′
∂−XA′ + λ+∂−X

−
)
= 0.

In order for the spectrum to be nontrivial, we compactify the

longitudinal coordinate X1 ∼ X1 + 2πwR. The dispersion

relation then becomes [4]:

E =
PA′

PA′

4πTwR
+
N + Ñ − 2

wR
.

Along with the level matching condition N − Ñ = wn. The

conserved Noether charges of the Gomis-Ooguri string are:

PA′ =

∫
dσΠA′ , PA =

∫
dσΠA ,

JA′B′ = 2

∫
dσ Π[A′XB′] , MAB = 2

∫
dσ Π[AXB] ,

GA′
A =

∫
dσ (ΠA′XA − TXA′ ϵ

A
B ∂σX

B)) .

Where ΠA and ΠA′ denote the canonical momenta. The non-

vanishing commutation relations are then given by:

[PA′, GB′
A] = δA′B′ ZA , [JB′C′, GA′

B] = 2δA′[B′ GC′]
B ,

[GA′
A, GB′

B] = δA′B′ZAB , [JA′B′, JC′D′] = 4δ[A′[C′ JD′]B′] ,

[MAB, ZCD] = 2ηA[CZ|B|D] , [GA′
B, PA] = δB

A PA′ ,

[GA′
A, PB′] = δA′B′ ZA , [MAB, PC] = 2η[BCPA] ,

[PA, Z
BC] = 2δ[B

A Z
C] , [MAB, GA′

C] = 2δC

[AG|A′|B] .

This is called the string Newton-Cartan algebra [5, 6, 7] and the

extensions ZA and ZAB are defined by:

ZA = T

∫
dσ ϵAB∂σX

B ,

ZAB = 2T

∫
dσX [AϵB]

C∂σX
C .

Lewis Carroll’s ’Through the Looking-Glass‘

Illustration by Álfheiður Edda Sigurðardóttir. Text in figure by

Lewis Carroll [8].

Phase Space Carroll String (First Model)

In [9] a Carroll limit of the canonical phase-space Nambu-Goto

action was considered. Starting from:

ŜNG =

∫
d2σ

(
Π̂ · ˙̂

X − µ̂ Π̂ · X̂ ′ − ê

2

(
Π̂2 + T̂ 2X̂ ′2

))
.

A way to take the à la string Carroll limit, as advertised in [9], is

by the following rescaling:

X̂A = cXA, Π̂A =
1

c
ΠA, µ̂ = µ, ê = c2e, T̂ =

1

c
T.

While X̂A′
= XA′

and Π̂A′
= ΠA′

. Taking c → 0 this yields:

SC =
∫
d2σ

(
Π · Ẋ − µ (Π ·X ′)− e

2

(
ΠAΠA + T 2X ′A′

X ′
A′

))
.

This action is invariant under Stringy Carroll symmetries, but it

has trivial dynamics. In conformal gauge the equations of motion

for the transverse coordinates are given by:

∂τX
A′
= 0.

Hence, the transverse coordinates of this string are constant. The

dispersion relation for this Carroll string is given by:

PAPA + T 2∂σX
A′
∂σXA′ = 0.

Chiral Carroll String (Second Model)

There is another way to take the aforementioned limit. Instead,

let us start from the canonical phase-space Polyakov action:

SP =
∫
d2σ

(
Π̂ · ˙̂

X + γτσ

γττ Π̂ · X̂ ′ + 1
2T̂

√
−γ γττ

(
Π̂2 + T̂ 2X̂ ′2

))
.

Let us now rescale in the following way:

X̂A = cXA, Π̂A =
1

c
ΠA, T̂ =

1

c2
T.

While X̂A′
= XA′

, Π̂A′
= ΠA′

and the components of the

worldsheet metric, γτσ, γττ , γσσ do not scale with c. Therefore:

SP =

∫
d2σ

(
Π · Ẋ +

γτσ

γττ
Π ·X ′

+
1

2T
√
−γ γττ

(
ΠAΠA + c2ΠA′

ΠA′ + T 2X ′AX ′
A + T 2

c2X
′A′
X ′

A′

))
.

Integrating out the canonical momenta ΠA and ΠA′
gives:

SP = −T

2

∫
d2σ

√
−γγab

(
∂aX

A∂bXA +
1

c2
∂aX

A′
∂bXA′

)
.

At this stage we introduce auxiliary fields λA′

a and λ̄A′

a such that

the divergent part is classically equivalent to

−T

2

∫
d2σ

√
−γ

(
Γab
+λ

A′

a ∂bXA′ + c2Γab
− λ̄

A′

a ∂bXA′ − 2c4γabλA′

a λ̄
B′

b δA′B′
)
.

After taking the limit c → 0 we find the Chiral Carroll string:

SCC = −T

2

∫
d2σ

√
−γ

(
γab∂aX

A∂bXA + Γab
+λ

A′

a ∂bXA′

)
.

The equations of motion in light-cone gauge are:

∂+∂−X
A = 0, ∂−X

A′
= 0, ∂−λ

A′
= 0.

The transverse coordinates have nontrivial dynamics, but the

dispersion relation of this action cannot be determined.

Extended Carroll String (Third Model)

Similarly we may consider the Extended Carroll String which we

define by the following action:

SC = Teff

∫
d2σ

(
∂+X

A∂−XA + λ−
k ∂−X

+
k + λ+

k ∂+X
−
k

)
.

Where we have defined transverse Gomis-Ooguri pairs by:

X±
k = X2k ±X2k+1, for k ∈ {1, . . . , N}.

Where each even transverse coordinate X2k is taken to be

temporal, while the odd transverse coordinates X2k+1 are taken

to be spatial. The equations of motion of the Extended Carroll

String are:

∂+∂−X
A = 0, ∂±X

∓
k = 0, ∂±λ

±
k = 0.

While the energy momentum tensor constraints are given by:

T++ = −2πTeff
(
∂+X

A∂+XA + λ−
k ∂+X

+
k

)
= 0,

T−− = −2πTeff
(
∂−X

A∂−XA + λ+
k ∂−X

−
k

)
= 0.

This action is invariant under the following Carroll symmetries:

δXA = ξA + ΛA
A′XA′

+ ΛA
BX

B,

δXA′
= ξA

′
+ ΛA′

B′XB′
,

along with Λ2k+1
2l − Λ2k

2l+1 = Λ2k
2l − Λ2k+1

2l+1 = 0.

We find transverse central extensions, Z2k and Z2k+1 arising in

the following commutators:[
PA, CB

2k
]
= ηABZ

2k+1,
[
PA, CB

2k+1
]
= ηABZ

2k.

Where PA denotes the charge associated with longitudinal

translations and CB
2k and CB

2k+1 denote the charges associated

with Carroll boosts from the longitudinal sector to the transverse

temporal sector and transverse spatial sector respectively. Similarly

we find extensions Z2k 2l, Z2k+1 2l+1 and Z2k+1 2l when comput-

ing the following commutators:[
CA

2k, CB
2l
]
= ηABZ

2k 2l,[
CA

2k+1, CB
2l+1

]
= ηABZ

2k+1 2l+1,[
CA

2k+1, CB
2l
]
= ηABZ

2k+1 2l.

While the dispersion relation is given by:

PAPA + 2πTeff

N∑
k=1

wkRkP2k+1 = 0.

Where we have assumed closed boundary conditions and we have

compactified the even transverse coordinates:

X2k ∼ X2k + 2πwkRk.
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